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THE GENERAL SOLUTION AND APPROXIMATIONS

OF A DECIC TYPE FUNCTIONAL EQUATION IN

VARIOUS NORMED SPACES
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Rassias***, and Elumalai Sathya****

Abstract. In the current work, we define and find the general
solution of the decic functional equation

g(x+ 5y) − 10g(x+ 4y) + 45g(x+ 3y) − 120g(x+ 2y)

+ 210g(x+ y) − 252g(x) + 210g(x− y) − 120g(x− 2y)

+ 45g(x− 3y) − 10g(x− 4y) + g(x− 5y) = 10!g(y)

where 10! = 3628800. We also investigate and establish the gener-
alized Ulam-Hyers stability of this functional equation in Banach
spaces, generalized 2-normed spaces and random normed spaces by
using direct and fixed point methods.

1. Introduction

In [64], Ulam proposed the general Ulam stability problem: When is
it true that by slightly changing the hypotheses of a theorem one can
still assert that the thesis of the theorem remains true or approximately
true? In [31], Hyers gave the first affirmative answer to the question of
Ulam for additive functional equations on Banach spaces. Hyers result
has since then seen many significant generalizations, both in terms of
the control condition used to define the concept of approximate solution
[4, 26, 43, 52]. On the other hand, Cădariu and Radu noticed that a
fixed point alternative method is very important for the solution of the
Ulam problem. In other words, they employed this fixed point method
to the investigation of the Cauchy functional equation [20] and for the
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quadratic functional equation [19]. The fixed point method was used for
the first time by Baker [9] who applied a variant of Banachs fixed point
theorem to obtain the Hyers-Ulam stability of a functional equation in
a single variable (for more applications of this method, see [5, 6, 13, 14,
15, 16, 42, 66]). During the last seven decades, the stability problems
of various functional equations in several spaces such as intuitionistic
fuzzy normed spaces, random normed spaces, non-Archimedean fuzzy
normed spaces, Banach spaces, orthogonal spaces and many spaces have
been broadly investigated by number of mathematicians; for instance,
see [7, 10, 11, 18, 21, 24, 25, 27, 28, 35, 39, 40, 49, 50, 53, 54, 55, 69].

One of the most famous functional equations is the additive functional
equation

(1.1) f(x+ y) = f(x) + f(y).

In 1821, it was first solved by A. L. Cauchy in the class of continuous
real-valued functions. It is often called an additive Cauchy functional
equation in honor of Cauchy. The theory of additive functional equations
is frequently applied to the development of theories of other functional
equations. Moreover, the properties of additive functional equations are
powerful tools in almost every field of natural and social sciences. Every
solution of the additive functional equation (1.1) is called an additive
function.

The second famous functional equation

(1.2) f (x+ y) + f (x− y) = 2f (x) + 2f (y)

is said to be quadratic functional equation because the quadratic function
f(x) = ax2 is a solution of the functional equation (1.2). A function
f : E1 → E2 between two vector spaces is quadratic if and only if there
exists a unique symmetric biadditive function f(x) = B(x, x) for any
x ∈ E1 , where B is given by B(x, y) = 1

4 [f(x + y) + f(x − y)] [33].
The Hyers-Ulam stability of the quadratic functional equation (1.2) was
proved by F. Skof [63] in 1983 for the functions f : E1 → E2 where E1 is
a normed space and E2 is a Banach space. In 1984, P.W. Cholewa [22]
demonstrated that the result of Skofs theorem is still valid if the relevant
domain E1 is replaced by an Abelian group G. Skof’s result was further
extended by S. Czerwik [23] to the Hyers-Ulam-Rassias stability of the
quadratic functional equation (1.2).

J. M. Rassias [44] introduced the following cubic functional equation

(1.3) g(x+ 2y) + 3g(x) = 3g(x+ y) + g(x− y) + 6g(y)
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and investigated its Ulam stability problem. Also, the quartic functional
equation

(1.4) F (x+ 2y) +F (x− 2y) + 6F (x) = 4[F (x+ y) +F (x− y) + 6F (y)]

was first introduced by J. M. Rassias [45], who solved its Ulam stability
problem (for genreral case of (1.4) see [12]).

The general solution and the generalized Hyers-Ulam-Rassias stabil-
ity of the generalized mixed type of functional equation

f(x+ ay)+f(x− ay) = a2 [f(x+ y) + f(x− y)] + 2
(
1− a2

)
f(x)

+

(
a4 − a2

)
12

[f (2y) + f (−2y)− 4f (y)− 4f (−y)]

for fixed integers a with a 6= 0,±1 having solution additive, quadratic,
cubic and quartic was discussed by K. Ravi et. al., [58]. Its general-
ized Ulam-Hyers stability in multi-Banach spaces and non-Archimedean
normed spaces via fixed point approach was respectively investigated by
T.Z. Xu et. al., [65, 67].

The general solution of Quintic and Sextic functional equations

f(x+ 3y)− 5f(x+ 2y) + 10f(x+ y)− 10f(x)

+ 5f(x− y)− f(x− 2y) = 120f(y)(1.5)

and

f(x+ 3y)− 6f(x+ 2y) + 15f(x+ y)− 20f(x) + 15f(x− y)

− 6f(x− 2y) + f(x− 3y) = 720f(y)(1.6)

was introduced and investigated on the generalized Ulam-Hyers stability
in quasi β−normed spaces via fixed point method by Xu et. al., [66].
Also, they in [68] introduced and discussed the general solution and gen-
eralized Ulam-Hyers stability of Septic and Octic functional equations

f(x+ 4y)− 7f(x+ 3y) + 21f(x+ 2y)− 35f(x+ y) + 35f(x)

− 21f(x− y) + 7f(x− 2y)− f(x− 3y) = 5040f(y)(1.7)

and

f(x+ 4y)− 8f(x+ 3y) + 28f(x+ 2y)− 56f(x+ y) + 70f(x)

− 56f(x− y) + 28f(x− 2y)− 8f(x− 3y)

+ f(x− 4y) = 40320f(y)(1.8)

in quasi β−normed spaces, respectively.
The upcoming nonic functional equation was introduced in [46] as

follows:
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f(x+ 5y)− 9f(x+ 4y) + 36f(x+ 3y)− 84f(x+ 2y)

+ 126f(x+ y)− 126f(x) + 84f(x− y)

− 36f(x− 2y) + 9f(x− 3y)− f(x− 4y) = 9!f(y)(1.9)

where 9! = 362880. Recently, the general solution in vector space
and generalized Ulam-Hyers stability of the following (1.9) in a Ba-
nach Space, Felbin’s type fuzzy normed space and Intuitionistic fuzzy
normed space by using the standard direct and fixed point methods was
introduced and investigated in [17] and [51].

Based on the above investigations, in this paper, we introduce the
following Decic functional equation

g(x+ 5y)− 10g(x+ 4y) + 45g(x+ 3y)− 120g(x+ 2y)

+ 210g(x+ y)− 252g(x) + 210g(x− y)− 120g(x− 2y)

+ 45g(x− 3y)− 10g(x− 4y) + g(x− 5y) = 10!g(y)(1.10)

where 10! = 3628800. We find the general solution of this new func-
tionl equation. Finally, we study the generalized Ulam-Hyers stability
of (1.10) in Banach spaces (BS), generalized 2-normed spaces (G2NS)
and random normed space (RNS) using direct and fixed point methods.

2. General solution of (1.10)

In the following result, a solution of the decic functional equation
(1.10) is given. For this, let us consider A and B be real vector spaces.
We notice that the general solution has the generalized polynomial form
and it specifies the best mapping g as in Theorem 2.1; see [8].

Theorem 2.1. If g : A −→ B be a mapping satisfying (1.10) for all
x, y ∈ A, then g is decic.

Proof. Substituting (x, y) by (0, 0) in (1.10), we see that

g(0) = 0.(2.1)

Replacing (x, y) by (x, x) in (1.10), we get

g(6x)− 10g(5x) + 45g(4x)− 120g(3x) + 210g(2x)− 252g(x)

+ 210g(0)− 120g(−x) + 45g(−2x)

− 10g(−3x) + g(−4x) = 10!g(x)(2.2)
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for all x ∈ A. Again replacing (x, y) by (x,−x) in (1.10), we obtain

g(−4x)− 10g(−3x) + 45g(−2x)− 120g(−x)

+ 210g(0)− 252g(x) + 210g(2x)− 120g(3x)

+ 45g(4x)− 10g(4x) + g(6x) = 10!g(−x)(2.3)

for all x ∈ A. Subtracting (2.3) from (2.2), we arrive at

10!g(x)− 10!g(−x) = 0(2.4)

for all x ∈ A. It follows from (2.4), we achieve

g(−x) = g(x)(2.5)

for all x ∈ A. Hence, g is an even mapping. Setting (x, y) by (0, 2x) in
(1.10) and using (2.5), we reach

2g(10x)− 20g(8x) + 90g(6x)− 240g(4x)− 3628380g(2x) = 0(2.6)

for all x ∈ A. The above equation can be rewritten as

g(10x)− 10g(8x) + 45g(6x)− 120g(4x)− 1814190g(2x) = 0(2.7)

for all x ∈ A. Again switching (x, y) into (5x, x) in (1.10), we obtain

g(10x)− 10g(9x) + 45g(8x)− 120g(7x)

+ 210g(6x)− 252g(5x) + 210g(4x)

− 120g(3x) + 45g(2x)− 3628810g(x) = 0(2.8)

for all x ∈ A. Subtracting (2.7) and (2.8), we find

10g(9x)− 55g(8x) + 120g(7x)− 165g(6x)

+ 252g(5x)− 330g(4x) + 120g(3x)

− 1814235g(2x) + 3628810g(x) = 0(2.9)

for all x ∈ A. Replacing (x, y) by (4x, x) in (1.10) and using (2.5), we
get

g(9x)− 10g(8x) + 45g(7x)− 120g(6x) + 210g(5x)

− 252g(4x) + 210g(3x)− 120g(2x)− 3628754g(x) = 0(2.10)

for all x ∈ A. Multiplying by 10 on both sides of (2.10), we obtain

10g(9x)− 100g(8x) + 450g(7x)− 1200g(6x)

+ 2100g(5x)− 2520g(4x) + 2100g(3x)

− 1200g(2x)− 36287540g(x) = 0(2.11)
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for all x ∈ A. Subtracting (2.11) from (2.9), we arrive

45g(8x)− 330g(7x) + 1035g(6x)

− 1848g(5x) + 2190g(4x)− 1980g(3x)

− 1813035g(2x) + 39916350g(x) = 0(2.12)

for all x ∈ A. Letting (x, y) by (3x, x) in (1.10) and using (2.5), we have

g(8x)− 10g(7x) + 45g(6x)− 120g(5x) + 210g(4x)

− 252g(3x) + 211g(2x)− 3628930g(x) = 0(2.13)

for all x ∈ A. Multiplying by 45 on both sides of (2.13), one obtains

45g(8x)− 450g(7x) + 2025g(6x)− 5400g(5x)

+ 9450g(4x)− 11340g(3x) + 9495g(2x)

− 163301850g(x) = 0(2.14)

for all x ∈ A. Subtracting equations (2.12) and (2.14), we get

120(7x)− 990g(6x) + 3552g(5x)− 7260(4x)

+ 9360g(3x)− 1822530g(2x) + 203218200g(x) = 0(2.15)

for all x ∈ A. Replacing (x, y) by (2x, x) in (1.10) and using (2.5), we
obtain

g(7x)− 10g(6x) + 45g(5x)− 120g(4x)

+ 211g(3x)− 262g(2x)− 3628545g(x) = 0(2.16)

for all x ∈ A. Multiplying by 120 on both sides of (2.16), one finds

120g(7x)− 1200g(6x) + 5400g(5x)− 14400g(4x)

+ 25320g(3x)− 31440g(2x)− 435425400g(x) = 0(2.17)

for all x ∈ A. Subtracting equations (2.15) and (2.17), we reach

210g(6x)− 1848g(5x) + 7140g(4x)

− 15960g(3x)− 1791090g(2x) + 638643600g(x) = 0(2.18)

for all x ∈ A. Dividing (2.18) by 2, we arrive at

105g(6x)− 924g(5x) + 3570g(4x)

− 7980g(3x)− 895545g(2x) + 319321800g(x) = 0(2.19)
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for all x ∈ A. Interchanging (x, y) into (x, x) in (1.10) and using (2.5),
we see that

g(6x)− 10g(5x) + 46g(4x)− 130g(3x)

+ 255g(2x)− 3629172g(x) = 0(2.20)

for all x ∈ A. Multiplying (2.20) by 105, we get

105g(6x)− 1050g(5x) + 4830g(4x)− 13650g(3x)

+ 26775g(2x)− 381063060g(x) = 0(2.21)

for all x ∈ A. Subtracting equations (2.19) and (2.21), we have

126g(5x)− 1260g(4x) + 5670g(3x)

− 922320g(2x) + 700384860g(x) = 0(2.22)

for all x ∈ A. Replacing (x, y) by (0, x) in (1.10), we obtain

2g(5x)− 20g(4x) + 90g(3x)− 240g(2x)− 3628380g(x) = 0(2.23)

for all x ∈ A. Multiplying (2.23) by 63, one finds that

126g(5x)− 1260g(4x) + 5670g(3x)

− 15120g(2x)− 228587940g(x) = 0(2.24)

for all x ∈ A. Subtracting equations (2.22) and (2.24), we have

−907200g(2x) + 928972800g(x) = 0(2.25)

for all x ∈ A. It follows from (2.25), we reach

g(2x) = 210g(x)(2.26)

for all x ∈ A. Hence g is a Decic mapping. This completes the proof.

In the following result which is analogous to Theorem 2.1, we bring
another proof for it.

Theorem 2.2. If g : A −→ B be a mapping satisfying (1.10) for all
x, y ∈ A, then g is decic.

Proof. Replacing y by −y in (1.10), we get

g(x− 5y)− 10g(x− 4y) + 45g(x− 3y)− 120g(x− 2y)

+ 210g(x− y)− 256g(x) + 210g(x+ y)− 120g(x+ 2y)

+ 45g(x+ 3y)− 10g(x+ 4y) + g(x+ 5y) = 10!g(−y)(2.27)

for all x, y ∈ A. Subtracting (2.27) from (1.10) and replacing y by x, we
have

g(−x) = g(x)
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for all x ∈ A. It follows from (2.18) that

210g(6x)− 1848g(5x) + 7140g(4x)

− 15960g(3x)− 1791090g(2x) + 638643600g(x) = 0(2.28)

for all x ∈ A. Replacing (x, y) by (x, x) in (1.10) and using (2.5), we
find

g(6x)− 10g(5x) + 46g(4x)− 130g(3x)

+ 255g(2x)− 3629172g(x) = 0(2.29)

for all x ∈ A. Multiplying (2.29) by 210, one finds

210g(6x)− 2100g(5x) + 9660g(4x)− 27300g(3x)

+ 53550g(2x)− 762126120g(x) = 0(2.30)

for all x ∈ A. Subtracting equations (2.28) and (2.30), we arrive at

252g(5x)− 2520g(4x) + 11340g(3x)

− 1844640g(2x) + 1400769720g(x) = 0(2.31)

for all x ∈ A. Replacing (x, y) by (0, x) in (1.10), we obtain

2g(5x)− 20g(4x) + 90g(3x)

− 240g(2x)− 3628380g(x) = 0(2.32)

for all x ∈ A. Multiplying (2.32) by 126, one can show that

252(5x)− 2520g(4x) + 11340g(3x)

− 30240g(2x)− 457175880g(x) = 0(2.33)

for all x ∈ A. Subtracting equations (2.31) and (2.33), we have

−1814400g(2x) + 1857945600g(x) = 0(2.34)

for all x ∈ A. It follows from (2.34), we reach

g(2x) = 210g(x)

for all x ∈ A. Hence g is a Decic mapping.

3. Stability results in Banach space

In this section, we investigate the generalized Ulam-Hyers stability
of the functional equation (1.10) in Banach space using direct and fixed
point methods.



Decic type functional equation 295

Throughout this section, let us consider E be a normed space and F
be a Banach space. Define a mapping Dg10 : E −→ F by

Dg10(x, y) =g(x+ 5y)− 10g(x+ 4y) + 45g(x+ 3y)− 120g(x+ 2y)

+ 210g(x+ y)− 252g(x) + 210g(x− y)− 120g(x− 2y)

+ 45g(x− 3y)− 10g(x− 4y) + g(x− 5y)− 10!g(y),

where 10! = 3628800 for all x, y ∈ E .

3.1. Banach space: Direct method

Theorem 3.1. Let b = ±1 and κ : E2 −→ [0,∞) be a function such
that

(3.1)
∞∑
d=0

κ
(
2bdx, 2bdy

)
210bd

, converges in R and lim
d→∞

κ
(
2bdx, 2bdy

)
210bd

= 0

for all x, y ∈ E . Let Dg10 : E −→ F be a mapping fulfilling the inequality

(3.2) ‖Dg10(x, y)‖ ≤ κ (x, y)

for all x, y ∈ E . Then, there exists a unique decic mapping T : E −→ F
which satisfies (1.10) and

(3.3) ‖g(x)− T (x)‖ ≤ 1

210

∞∑
d= 1−b

2

K
(
2bdx, 2bdx

)
210bd

where K
(
2bdx, 2bdx

)
and T (x) are defined by

K
(

2bdx, 2bdx
)

=
1

907200

{
1

2

[
1

2
· κ(0, 2 · 2bdx) + κ(5 · 2bdx, 2bdx)

+ 45κ(3 · 2bdx, 2bdx) + 120κ(2 · 2bdx, 2bdx)
]

+ 10κ(4 · 2bdx, 2bdx) + 105κ(2bdx, 2bdx) + 63κ(0, 2bdx)
}

(3.4)

and

(3.5) T (x) = lim
d→∞

g(2bdx)

210bd

for all x ∈ E , respectively.

Proof. Changing (x, y) by (0, 2x) in (3.2), we get∥∥∥2g(10x)− 20g(8x) + 90g(6x)− 240g(4x)− 3628380g(2x)
∥∥∥

≤ κ(0, 2x)(3.6)
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for all x ∈ E . Dividing the above inequality by 2, one can arrive∥∥∥g(10x)− 10g(8x) + 45g(6x)− 120g(4x)− 1814190g(2x)
∥∥∥

≤ 1

2
κ(0, 2x)(3.7)

for all x ∈ E . Again setting (x, y) by (5x, x) in (3.2), we obtain∥∥∥g(10x)− 10g(9x) + 45g(8x)− 120g(7x) + 210g(6x)− 252g(5x)

+ 210g(4x)− 120g(3x) + 45g(2x)− 3628810g(x)
∥∥∥

≤ κ(5x, x)(3.8)

for all x ∈ E . Combining (3.7) and (3.8), we have∥∥∥10g(9x)− 55g(8x) + 120g(7x)− 165g(6x) + 252g(5x)

− 330g(4x) + 120g(3x)− 1814235g(2x) + 3628810g(x)
∥∥∥

=
∥∥∥g(10x)− 10g(8x) + 45g(6x)− 120g(4x)− 1814190g(2x)

− g(10x) + 10g(9x)− 45g(8x) + 120g(7x)− 210g(6x) + 252g(5x)

− 210g(4x) + 120g(3x)− 45g(2x) + 3628810g(x)
∥∥∥

≤
∥∥∥g(10x)− 10g(8x) + 45g(6x)− 120g(4x)− 1814190g(2x)

∥∥∥
+
∥∥∥g(10x)− 10g(9x) + 45g(8x)− 120g(7x) + 210g(6x)− 252g(5x)

+ 210g(4x)− 120g(3x) + 45g(2x)− 3628810g(x)
∥∥∥

≤ 1

2
κ(0, 2x) + κ(5x, x)

(3.9)

for all x ∈ E . Switching (x, y) into (4x, x) in (3.2) and using evenness of
g, we get∥∥∥g(9x)− 10g(8x) + 45g(7x)− 120g(6x) + 210g(5x)− 252g(4x)

+ 210g(3x)− 120g(2x)− 3628754g(x)
∥∥∥

≤ κ(4x, x)(3.10)
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for all x ∈ E . Multiplying by 10 on both sides of (3.10), we see that∥∥∥10g(9x)− 100g(8x) + 450g(7x)− 1200g(6x) + 2100g(5x)

− 2520g(4x) + 2100g(3x)− 1200g(2x)− 36287540g(x)
∥∥∥

≤ 10κ(4x, x)(3.11)

for all x ∈ E . It follows from (3.9) and (3.11) that∥∥∥45g(8x)− 330g(7x) + 1035g(6x)− 1848g(5x) + 2190g(4x)− 1980g(3x)

− 1813035g(2x) + 39916350g(x)
∥∥∥

≤ 1

2
· κ(0, 2x) + κ(5x, x) + 10κ(4x, x)(3.12)

for all x ∈ E . Letting (x, y) by (3x, x) in (3.2) and applying evenness of
g, we have∥∥∥g(8x)− 10g(7x) + 45g(6x)− 120g(5x) + 210g(4x)

− 252g(3x) + 211g(2x)− 3628930g(x)
∥∥∥ ≤ κ(3x, x)(3.13)

for all x ∈ E . Multiplying by 45 on both sides of (3.13), one obtains∥∥∥45g(8x)− 450g(7x) + 2025g(6x)− 5400g(5x) + 9450g(4x)

− 11340g(3x) + 9495g(2x)− 163301850g(x)
∥∥∥ ≤ 45κ(3x, x)(3.14)

for all x ∈ E . The relations (3.12) and (3.14) imply that∥∥∥120(7x)− 990g(6x) + 3552g(5x)− 7260(4x) + 9360g(3x)

− 1822530g(2x) + 203218200g(x)
∥∥∥

≤ 1

2
κ(0, 2x) + κ(5x, x) + 10κ(4x, x) + 45κ(3x, x)(3.15)

for all x ∈ E . Replacing (x, y) by (2x, x) in (3.2) and using evenness of
g, we obtain ∥∥∥g(7x)− 10g(6x) + 45g(5x)− 120g(4x)

+ 211g(3x)− 262g(2x)− 3628545g(x)
∥∥∥ ≤ κ(2x, x)(3.16)
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for all x ∈ E . Multiplying by 120 on both sides of (3.16), one finds∥∥∥120g(7x)− 1200g(6x) + 5400g(5x)− 14400g(4x)

+ 25320g(3x)− 31440g(2x)− 435425400g(x)
∥∥∥ ≤ 120κ(2x, x)(3.17)

for all x ∈ E . It follows from (3.15) and (3.17) that∥∥∥210g(6x)− 1848g(5x) + 7140g(4x)

− 15960g(3x)− 1791090g(2x) + 638643600g(x)
∥∥∥ ≤ Γ(x)(3.18)

for all x ∈ E , where

Γ(x) =

[
1

2
κ(0, 2x) + κ(5x, x) + 10κ(4x, x) + 45κ(3x, x) + 120κ(2x, x)

]
.

Dividing (3.18) by 2, we arrive at∥∥∥105g(6x)− 924g(5x) + 3570g(4x)

− 7980g(3x)− 895545g(2x) + 319321800g(x)
∥∥∥ ≤ 1

2
Γ(x)(3.19)

for all x ∈ E . Substituting (x, y) by (x, x) in (3.2) and using evenness of
g, we get∥∥∥g(6x)− 10g(5x) + 46g(4x)− 130g(3x) + 255g(2x)− 3629172g(x)

∥∥∥
≤ κ(x, x)(3.20)

for all x ∈ E . Multiplying (3.20) by 105, we have∥∥∥105g(6x)− 1050g(5x) + 4830g(4x)− 13650g(3x)

+ 26775g(2x)− 381063060g(x)
∥∥∥ ≤ 105κ(x, x)(3.21)

for all x ∈ E . It follows from (3.19) and (3.21) that∥∥∥126g(5x)− 1260g(4x) + 5670g(3x)− 922320g(2x) + 700384860g(x)
∥∥∥

≤ 1

2
Γ(x) + 105κ(x, x)(3.22)

for all x ∈ E . Replacing (x, y) by (0, x) in (3.2) and using evenness of g,
we obtain∥∥∥2g(5x)− 20g(4x) + 90g(3x)− 240g(2x)− 3628380g(x)

∥∥∥
≤ κ(0, x)(3.23)
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for all x ∈ E . Multiplying (3.23) by 63, we obtain∥∥∥126g(5x)− 1260g(4x) + 5670g(3x)− 15120g(2x)− 228587940g(x)
∥∥∥

≤ 63κ(0, x)(3.24)

for all x ∈ E . Combining (3.22) and (3.24), we get∥∥∥− 907200g(2x) + 928972800g(x)
∥∥∥

≤ 1

2
Γ(x) + 105κ(x, x) + 63κ(0, x)(3.25)

for all x ∈ E . The relation (3.25) implies that∥∥∥g(2x)−1024g(x)
∥∥∥

≤ 1

907200

Γ(x)

2
+ 105κ(x, x) + 63κ(0, x)(3.26)

for all x ∈ E . Define

K(x, x) =
1

907200

Γ(x)

2
+ 105κ(x, x) + 63κ(0, x)(3.27)

for all x ∈ E . From (3.27), we have∥∥∥g(2x)− 210g(x)
∥∥∥ ≤ K(x, x)(3.28)

for all x ∈ E . It follows from (3.28) that∥∥∥g(2x)

210
− g(x)

∥∥∥ ≤ K(x, x)

210
(3.29)

for all x ∈ E . Now, by replacing x by 2x and dividing by 210 in (3.29),
we have

(3.30)
∥∥∥g(22x)

220
− g(2x)

210

∥∥∥ ≤ K(2x, 2x)

220

for all x ∈ E . From (3.29) and (3.30), we obtain∥∥∥∥g(22x)

220
− g(x)

∥∥∥∥ ≤ ∥∥∥g(22x)

220
− g(2x)

210

∥∥∥+
∥∥∥g(2x)

210
− g(x)

∥∥∥
≤ 1

210

[
K(x, x) +

K(2x, 2x)

210

]
(3.31)

for all x ∈ E . Generalizing, for a positive integer a, we land∥∥∥∥g(2ax)

210a
− g(x)

∥∥∥∥ ≤ 1

210

a−1∑
d=0

K(2dx, 2dx)

210d
(3.32)
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for all x ∈ E . To prove the convergence of the sequence

{
g(2ax)

210a

}
,

we replace x by 2dx in (3.32) and divide the resultant by 210d, for any
a, d > 0. Then, we get∥∥∥∥g(2a+dx)

210(a+d)
− g(2dx)

210d

∥∥∥∥ =
1

210d

∥∥∥∥g(2a · 2dx)

210a
− g(2dx)

∥∥∥∥
≤ 1

210d

1

210

a−1∑
c=0

K(2c · 2dx, 2c · 2dx)

210c

≤ 1

210

∞∑
c=0

K(2c+dx, 2c+dx)

210(c+d)

→ 0 as d→∞

for all x ∈ E . Thus, it follows that the sequence

{
g(2ax)

210a

}
is Cauchy in

F and so it converges. Therefore, we see that a mapping T (x) : E → F
defined by

T (x) = lim
a→∞

g(2ax)

210a

is well defined for all x ∈ E . In order to show that T satisfies (1.10), by
interchanging (x, y) into (2ax, 2ay) in (3.2) and then dividing by 210a,
we have

‖T (x, y)‖ = lim
a→∞

1

210a
‖Dg10(2ax, 2ay)‖ ≤ lim

a→∞

1

210a
κ(2ax, 2ay)

for all x, y ∈ E and so the mapping T is decic. Taking the limit as a
approaches to infinity in (3.32), we find that the mapping T is a decic
mapping satisfying the inequality (3.3) near the approximate mapping
g : E → F of equation (1.10). Hence, T satisfies (1.10), for all x, y ∈ E .

To prove that T is unique, we assume now that there is T ′ as another
decic mapping satisfying (1.10) and the inequality (3.3). Then, it follows
easily that

T (2ax) = 210aT (x), T ′(2ax) = 210aT ′(x)

for all x ∈ E and all a ∈ N. Thus∥∥T (x)− T ′(x)
∥∥ =

1

210a

∥∥T (2ax)− T ′(2ax)
∥∥
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≤ 1

210a

{
‖T (2ax)− g(2ax)‖+

∥∥g(2ax)− T ′(2ax)
∥∥}

≤ 1

210

∞∑
d=0

κ(2c+ax, 2c+ax)

210(c+a)

for all x ∈ E . Therefore, as a → ∞ in the above inequality, one estab-
lishes

T (x) = T ′(x)

for all x ∈ E . Hence, the assertion holds for b = 1.
Case (ii): Assume b = −1.

Replacing x by
x

2
in (3.28), we get

(3.33)
∥∥∥g(x)− 210g

(x
2

)∥∥∥ ≤ K (x
2
,
x

2

)
for all x ∈ E . The rest of the proof is similar to that of case b = 1. Thus,
for b = −1 the assertion holds as well. This finishes the proof.

The following corollaries are immediate consequence of Theorem 3.1
concerning the stability of (1.10).

Corollary 3.2. Let Dg10 : E −→ F be a mapping. If there exist
real numbers θ and λ such that

‖Dg10(x, y)‖ ≤


θ,
θ
{
||x||λ + ||y||λ

}
, λ 6= 10;

θ||x||λ||y||λ, λ 6= 5;
θ
{
||x||λ||y||λ +

{
||x||2λ + ||y||2λ

}}
, λ 6= 5;

for all x, y ∈ E , then there exists a unique decic mapping T : E −→ F
such that

‖g(x)− T (x)‖ ≤



θC
|210 − 1|

,

θS ||x||s

|210 − 2λ|
, λ 6= 10,

θP ||x||2λ

|210 − 22λ|
, λ 6= 5,

θSP ||x||2λ

|210 − 22λ|
, λ 6= 5,
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where

θC =
1025 θ

3628800
,

θS =
θ
[
2 · 5λ + 20 · 4λ + 90 · 3λ + 241 · 2λ + 1444

]
3628800

,

θP =
θ
[
5λ + 10 · 4λ + 45 · 3λ + 120 · 2λ + 210

]
1814400

,

θSP =
θ

3628800

[
2 · 52λ + 20 · 42λ + 90 · 32λ + 241 · 22λ + 1444

]
+

θ

1814400

[
5λ + 10 · 4λ + 45 · 3λ + 120 · 2λ + 210

]
,

for all x ∈ E .

Corollary 3.3. Let Dg10 : E −→ F be a mapping. If there exist
real numbers θ, λ1, λ2, λ = λ1 + λ2 such that

‖Dg10(x, y)‖ ≤


θ
{
||x||λ1 + ||y||λ2

}
, λ1, λ2 6= 10;

θ||x||λ1 ||y||λ2 , λ 6= 10;
θ
{
||x||λ1 ||y||λ2 +

{
||x||λ + ||y||λ

}}
, λ 6= 10;

for all x, y ∈ E , then there exists a unique decic mapping T : E −→ F
such that

‖g(x)− T (x)‖ ≤

 θs, λ1, λ2 6= 10,
θp, λ 6= 10,
θsp, λ 6= 10,

where

θs =
1

1814400

θ||x||
λ1
[
5λ1 + 10 · 4λ1 + 45 · 3λ1 + 120 · 2λ1 + 210

]
|210 − 2λ1 |

+
θ||x||λ2

[
2λ2 + 688

]
|210 − 2λ2 |

,
θp =

θ||x||λ

1814400


[
5λ1 + 10 · 4λ1 + 45 · 3λ1 + 120 · 2λ1 + 210

]
|210 − 2λ|

,
θsp =

θ||x||λ

1814400 |210 − 2λ|

{[
5λ + 10 · 4λ + 45 · 3λ + 120 · 2λ + 210

]
+
[
2λ + 688

]
+
[
5λ1 + 10 · 4λ1 + 45 · 3λ1 + 120 · 2λ1 + 210

]}
,

for all x ∈ E .
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3.2. Banach space: Fixed point method

Here, we recall a fundamental result in fixed point theory as follows.

Theorem 3.4. [36] (The alternative fixed point Theorem) Suppose
that for a complete generalized metric space (X, d) and a strictly con-
tractive mapping T : X → X with Lipschitz constant L. Then, for each
given element x ∈ X, either
d(Tnx, Tn+1x) =∞ ∀ n ≥ 0, or
there exists a natural number n0 such that:

(FP1) d(Tnx, Tn+1x) <∞ for all n ≥ n0 ;
(FP2) The sequence (Tnx) is convergent to a fixed point y∗ of T ;
(FP3) y∗ is the unique fixed point of T in the set Y = {y ∈ X :

d(Tn0x, y) <∞};
(FP4) d(y∗, y) ≤ 1

1−L d(y, Ty) for all y ∈ Y.
Using Theorem 3.4, we obtain the generalized Ulam-Hyers stability

of (1.10).

Theorem 3.5. Let Dg10 : E −→ F be a mapping for which there
exists a function ζ : E2 −→ [0,∞) with the condition

(3.34) lim
n→∞

1

℘10n
i

ζ(℘ni x, ℘
n
i y) = 0

where

(3.35) ℘i =

{
2 if i = 0,
1
2 if i = 1

such that the functional inequality

(3.36) ‖Dg10(x, y)‖ ≤ ζ(x, y)

holds for all x, y ∈ E . Assume that there exists L = L(i) such that the
mapping

D(x, x) = K
(x

2
,
x

2

)
where K(x, x) is defined in (3.27) with the property

(3.37)
1

℘10
i

D(℘ix, ℘ix) = L D(x, x)

for all x ∈ E . Then, there exists a unique Decic mapping T : E −→ F
satisfying the functional equation (1.10) and

(3.38) ‖ g(x)− T (x) ‖≤
(
L1−i

1− L

)
D(x, x)

for all x ∈ E .
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Proof. Consider the set

A = {h|h : E −→ F , h(0) = 0}
and introduce the generalized metric d : A×A −→ [0,∞] as follows:

(3.39) d(g, h) = inf{ω ∈ (0,∞) : ‖g(x)− h(x)‖ ≤ ωD(x, x), x ∈ E}.
It is easy to see that (A, d) is complete with respect to the defined metric.
Let us define the linear mapping J : A −→ A by

Jh(x) =
1

℘10
i

h(℘ix),

for all x ∈ E . For given h, g ∈ A, let ω ∈ [0,∞) be an arbitrary constant
with d(g, h) ≤ ω, that is

‖ h(x)− g(x) ‖≤ ωD(x, x), x ∈ E .
So, we have

‖ Jh(x)− Jg(x) ‖F =

∥∥∥∥ 1

℘10
i

h(℘ix)− 1

℘10
i

g(℘ix)

∥∥∥∥
≤ ω

℘10
i

D(℘ix, ℘ix)

≤ LωD(x, x)

for all x ∈ E , that is d(Jg, Jh) ≤ Ld(g, h) for all g, h ∈ A. This implies
that J is a strictly contractive mapping on A with Lipschitz constant L.
From (3.28), (3.37) and (3.39) for the case i = 0, we get∥∥g(2x)− 210g(x)

∥∥ ≤ K(x, x), (x ∈ E),

and ∥∥∥∥g(2x)

210
− g(x)

∥∥∥∥ ≤ 1

210
K(x, x), (x ∈ E).

So, we obtain

‖Jg(x)− g(x)‖ ≤ L D(x, x), (x ∈ E).

Hence,

d(Jg, g) ≤ L1−0 (g ∈ A)(3.40)

Replacing x = x
2 in (3.37) and (3.40) for the case i = 1, we find∥∥∥g(x)− 210g

(x
2

)∥∥∥ ≤ K (x
2
,
x

2

)
, (x ∈ E).

Then,

‖g(x)− Jg(x)‖ ≤ D(x, x), (x ∈ E),
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and

‖g(x)− Jg(x)‖ ≤ L1−1D(x, x), (x ∈ E).

Thus, we obtain

d(Jg, g) ≤ L1−1 (g ∈ A).(3.41)

Therefore, from (3.40) and (3.41), we arrive

d(Jg, g) ≤ L1−i (g ∈ A).

where i = 0, 1. Hence, the property (FP1) holds. It follows from prop-
erty (FP2) that there exists a fixed point T of J in A such that

(3.42) T (x) = lim
n→∞

1

℘10n
i

g(℘ni x)

for all x ∈ E . In order to show that T satisfies (1.10), replace (x, y) by
(℘ni x, ℘

n
i y) in (3.36) and divide by ℘10n

i , we have

‖T10(x, y)‖ = lim
n→∞

1

℘10n
i

‖Dg10(℘ni x, ℘
n
i y)‖ ≤ lim

n→∞

1

℘10n
i

ζ (℘ni x, ℘
n
i y) = 0

for all x, y ∈ E , and so the mapping T is decic. By property (FP3), T
is the unique fixed point of J in the set

∆ = {T ∈ A : d(f, T ) <∞},

Finally, by property (FP4), we obtain

‖g(x)− T (x)‖ ≤ L1−i

1− L
So, the proof is completed.

Using Theorem 3.5, we prove the following corollary concerning the
stability of (1.10).

Corollary 3.6. Let Dg10 : E −→ F be a mapping. If there exist
real numbers Θ and ρ such that

‖Dg10(x, y)‖ ≤


Θ,
Θ {||x||ρ + ||y||ρ} ρ 6= 10;
Θ||x||ρ||y||ρ ρ 6= 5;
Θ
{
||x||ρ||y||ρ +

{
||x||2ρ + ||y||2ρ

}}
ρ 6= 5;
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for all x, y ∈ E , then there exists a unique decic mapping T : E → F
such that

‖g(x)− T (x)‖ ≤



Θ1

|210 − 1|
,

Θ2

|210 − 2ρ|
, ρ 6= 10,

Θ3

|210 − 22ρ|
, ρ 6= 5,

Θ4

|210 − 22ρ|
ρ 6= 5,

where

Θ1 =
1025Θ

3628800
,

Θ2 =
Θ||x||ρ

362880 · 2ρ
[
2 · 5ρ + 20 · 4ρ + 90 · 3ρ + 241 · 2ρ + 1444

]
Θ3 =

Θ||x||2ρ

1814400 · 22ρ

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]
Θ4 =

Θ||x||ρ

2ρ

{
1

3628800

[
2 · 52ρ + 20 · 42ρ + 90 · 32ρ + 241 · 22ρ + 1444

]
+

1

1814400

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]}
for all x ∈ E .

Proof. Let

ζ(x, y) =


Θ,
Θ {||x||ρ + ||y||ρ}
Θ||x||ρ||y||ρ
Θ
{
||x||ρ||y||ρ +

{
||x||2ρ + ||y||2ρ

}}
for all x, y ∈ E . Now

1

℘10n
i

ζ(℘ni x, ℘
n
i y) =



Θ

℘10n
i

,

Θ

℘10n
i

{||℘ni x||ρ + ||℘ni y||ρ},
Θ

℘10n
i

||℘ni x||ρ ||℘ni y||ρ

Θ

℘10n
i

{
||℘ni x||ρ ||℘ni y||ρ +

{
||℘ni x||2ρ + ||℘ni y||2ρ

}}
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=



→ 0 as n→∞,

→ 0 as n→∞,

→ 0 as n→∞,

→ 0 as n→∞.

Thus, (3.34) holds. On the other hand

D(x, x) = K
(x

2
,
x

2

)
has the property 1

℘10
i
D(℘ix, ℘ix) = LD(x, x) for all x ∈ E , whereK(x, x)

is defined in (3.27). Hence,

D(x, x) = K
(x

2
,
x

2

)

=



1025Θ

3628800
,

Θ||x||ρ

362880 · 2ρ
[
2 · 5ρ + 20 · 4ρ + 90 · 3ρ + 241 · 2ρ + 1444

]
Θ||x||2ρ

1814400 · 22ρ

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]
Θ||x||ρ

2ρ

{
1

3628800

[
2 · 52ρ + 20 · 42ρ + 90 · 32ρ + 241 · 22ρ + 1444

]
+

1

1814400

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]}

(3.43)

for all x ∈ E . It follows from (3.43),

D(x, x) = K
(x

2
,
x

2

)
=


Θ1,
Θ2,
Θ3,
Θ4

(3.44)

where

Θ1 =
1025Θ

3628800
,

Θ2 =
Θ||x||ρ

362880 · 2ρ
[
2 · 5ρ + 20 · 4ρ + 90 · 3ρ + 241 · 2ρ + 1444

]
Θ3 =

Θ||x||2ρ

1814400 · 22ρ

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]
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Θ4 =
Θ||x||ρ

2ρ

{
1

3628800

[
2 · 52ρ + 20 · 42ρ + 90 · 32ρ + 241 · 22ρ + 1444

]
+

1

1814400

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]}
for all x ∈ E . Similarly by (3.43), we prove

1

℘10
i

D(℘ix, ℘ix) =


℘−10
i Θ1,

℘ρ−10
i Θ2

℘2ρ−10
i Θ3

℘2ρ−10
i Θ4

Hence, the inequality (3.38) holds for

(i) L = ℘−10
i if i = 0 and L = 1

℘−10
i

if i = 1;

(ii) L = ℘ρ−10
i for ρ < 10 if i = 0 and L = 1

℘ρ−10
i

for ρ > 10 if i = 1;

(iii) L = ℘2ρ−10
i for 2ρ > 10 if i = 0 and L = 1

℘2ρ−10
i

for 2ρ > 10 if

i = 1;
(iv) L = ℘2ρ−10

i for 2ρ > 10 if i = 0 and L = 1

℘2ρ−10
i

for 2ρ > 10 if

i = 1.

Now, from (3.38), we prove the following cases for condition (i).

L = ℘−10
i , i = 0 L = 1

℘−10
i

, i = 1

L = 2−10, i = 0 L = 1
2−10 , i = 1

L = 2−10, i = 0 L = 210, i = 1
‖ g(x)− T (x) ‖ ‖ g(x)− T (x) ‖

≤
(
L1−i

1−L

)
D(x, x) ≤

(
L1−i

1−L

)
D(x, x)

=
(

(2−10)1−0

1−2−10

)
Θ1 =

(
(210)1−1

1−210

)
Θ1

=
(

2−10

1−2−10

)
Θ1 =

(
1

1−210

)
Θ1

=
(

Θ1
210−1

)
=
(

Θ1
1−210

)
Also, from (3.38), we show the following cases for condition (ii).

L = ℘ρ−10
i , ρ < 10, i = 0 L = 1

℘ρ−10
i

, ρ > 10, i = 1

L = 2ρ−10, ρ < 10, i = 0 L = 1
2ρ−10 , ρ < 10, i = 1

L = 2ρ−10, ρ < 10, i = 0 L = 210−ρ, ρ > 10, i = 1
‖ g(x)− T (x) ‖ ‖ g(x)− T (x) ‖
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≤
(
L1−i

1−L

)
D(x, x) ≤

(
L1−i

1−L

)
D(x, x)

=
(

(2ρ−10)1−0

1−2ρ−10

)
Θ2 =

(
(210−ρ)1−1

1−210−ρ

)
Θ2

=
(

2ρ−10

1−2ρ−10

)
Θ2 =

(
1

1−210−ρ

)
Θ2

=
(

2ρ

210−2ρ

)
Θ2 =

(
2ρ

2ρ−210

)
Θ2

Once more, from (3.38), we have the following cases for condition (iii).

L = ℘2ρ−10
i , 2ρ < 10, i = 0 L = 1

℘2ρ−10
i

, 2ρ > 10, i = 1

L = 22ρ−10, 2ρ < 10, i = 0 L = 1
22ρ−10 , 2ρ < 10, i = 1

L = 22ρ−10, 2ρ < 10, i = 0 L = 210−2ρ, 2ρ > 10, i = 1
‖ g(x)− T (x) ‖ ‖ g(x)− T (x) ‖

≤
(
L1−i

1−L

)
D(x, x) ≤

(
L1−i

1−L

)
D(x, x)

=
(

(22ρ−10)1−0

1−22ρ−10

)
Θ3 =

(
(210−2ρ)1−1

1−210−2ρ

)
Θ3

=
(

22ρ−10

1−22ρ−10

)
Θ3 =

(
1

1−210−2ρ

)
Θ3

=
(

22ρ

210−22ρ

)
Θ3 =

(
22ρ

22ρ−210

)
Θ3

Finally, the proof of (3.38) for condition (iv) is similar to the condition
(iii).

4. Stability results in generalized 2-normed spaces

In this section, the generalized Ulam-Hyers stability of the decic
functional equation (1.10) in generalized 2-normed space is discussed.

4.1. Definitions On generalized 2-normed space

We present some basic definitions related to generalized 2-normed
spaces.

Definition 4.1. [1] Let X be linear space. A function N(., .) : X ×
X −→ [0,∞) is called a generalized 2-normed space if it satisfies the
following conditions:

(G2N1) N(x, y) = 0 if and only if x and y are linearly independent vectors;
(G2N2) N(x, y) = N(y, x) for all x, y ∈ X;
(G2N3) N(λx, y) = |λ|N(x, y) for all x, y ∈ X and

X = ϕ,ϕ is a real or complex field;
(G2N4) N(x+ y, z) ≤ N(x, z) +N(y, z) for all x, y, z ∈ X.

The generalized 2-normed space is denoted by (X,N(., .)).
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Definition 4.2. [1] A sequence {xn} in a generalized 2-normed space
(X,N(., .)) is called convergent if there exist x ∈ X such that lim

n→∞
N(xn−

x, y) = 0 then lim
n→∞

N(xn, y) = N(x, y) for all y ∈ X.

Definition 4.3. [1] A sequence {xn} in a generalized 2-normed space
(X,N(., .)) is called Cauchy sequence is there exist two lineary indepen-
dent elements y and z in X such that {N(xn, y)} and {N(xn, z)} are
real Cauchy sequences.

Definition 4.4. [1] A generalized 2-normed space (X,N(., .)) is called
generalized 2-Banach space is every Cauchy sequence is convergent.

In the section, we present the generalized Ulam-Hyers-Rassias sta-
bility for the functional equation (1.10).Throughout this section, let us
consider G be a generalized 2-normed space and H be generalized 2-
Banach space.

The proof of the subsequent theorems and corollaries are similar to
the Theorems 3.1, 3.5 and Corollaries 3.2, 3.3, 3.6. Hence, the details of
the proofs are omitted.

4.2. G2NS: Direct method

Theorem 4.5. Let b = ±1 and κ,K : G2 −→ [0,∞) be a function
such that

∞∑
d=0

κ
(
(2bdx, u), (2bdy, u)

)
210bd

converges in R and lim
d→∞

κ
(
(2bdx, u), (2bdy, u)

)
210bd

= 0

for all x, y ∈ G and all u ∈ G. Let Dg10 : G −→ H be a mapping
fulfilling the inequality

(4.1) N (Dg10(x, y), u) ≤ κ ((x, u), (y, u))

for all x, y ∈ G and all u ∈ G. Then there exists a unique decic mapping
T : G −→ H which satisfies (1.10) and

(4.2) N (g(x)− T (x), u) ≤ 1

210

∞∑
d= 1−b

2

K
(
(2bdx, u), (2bdx, u)

)
210bd

where K
(
(2bdx, u), (2bdx, u)

)
and T (x) are defined by
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K
(

(2bdx, u), (2bdx, u)
)

=
1

907200

{
1

2

[
1

2
· κ(0, (2 · 2bdx, u)) + κ((5 · 2bdx, u), (2bdx, u))

+ 10κ((4 · 2bdx, u), (2bdx, u))

+ 45κ((3 · 2bd, u), (2bd, u)) + 120κ((2 · 2bd, u), (2bd, u))
]

+ 105κ((2bd, u), (2bd, u)) + 63κ(0, (2bd, u))
}

and

lim
d→∞

N

(
T (x)− lim

d→∞

g(2bdx)

210bd
, u

)
= 0

for all x ∈ G and all u ∈ G, respectively.

Corollary 4.6. Let Dg10 : G −→ H be a mapping. If there exist
real numbers θ and λ such that

N (Dg10(x, y), u)

≤


θ,
θ
{
||(x, u)||λ + ||(y, u)||λ

}
, λ 6= 10;

θ||(x, u)||λ||(y, u)||λ, λ 6= 5;
θ
{
||(x, u)||λ||(y, u)||λ +

{
||(x, u)||2λ + ||(y, u)||2λ

}}
, λ 6= 5;

for all x, y ∈ G and all u ∈ G, then there exists a unique decic mapping
T : G −→ H such that

N (g(x)− T (x), u) ≤



θC
|210 − 1|

,

θS ||x, u||s

|210 − 2λ|
, λ 6= 10,

θP ||x, u||2λ

|210 − 22λ|
, λ 6= 5,

θSP ||x, u||2λ

|210 − 22λ|
, λ 6= 5,

where

θC =
1025 θ

3628800
,
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θS =
θ
[
2 · 5λ + 20 · 4λ + 90 · 3λ + 241 · 2λ + 1444

]
3628800

,

θP =
θ
[
5λ + 10 · 4λ + 45 · 3λ + 120 · 2λ + 210

]
1814400

,

θSP =
θ

3628800

[
2 · 52λ + 20 · 42λ + 90 · 32λ + 241 · 22λ + 1444

]
+

θ

1814400

[
5λ + 10 · 4λ + 45 · 3λ + 120 · 2λ + 210

]
,

for all x ∈ G and all u ∈ G.

Corollary 4.7. Let Dg10 : G −→ H be a mapping. If there exist
real numbers θ, λ1, λ2, λ = λ1 + λ2 such that

N (Dg10(x, y), u)

≤


θ
{
||(x, u)||λ1 + ||(y, u)||λ2

}
, λ1, λ2 6= 10;

θ||(x, u)||λ1 ||(y, u)||λ2 , λ 6= 10;
θ
{
||(x, u)||λ1 ||y||λ2 +

{
||(x, u)||λ + ||(y, u)||λ

}}
, λ 6= 10;

for all x, y ∈ G and all u ∈ G, then there exists a unique decic mapping
T : G −→ H such that

N (g(x)− T (x), u) ≤

 θs, λ1, λ2 6= 10,
θp, λ 6= 10,
θsp, λ 6= 10,

where

θs =
1

1814400

θ||x, u||
λ1
[
5λ1 + 10 · 4λ1 + 45 · 3λ1 + 120 · 2λ1 + 210

]
|210 − 2λ1 |

+
θ||x||λ2

[
2λ2 + 688

]
|210 − 2λ2 |

,
θp =

θ||x, u||λ1+λ2

1814400


[
5λ1 + 10 · 4λ1 + 45 · 3λ1 + 120 · 2λ1 + 210

]
|210 − 2λ1+λ2 |

,
θsp =

θ||x, u||λ

1814400 |210 − 2λ1+λ2 |

{[
5λ + 10 · 4λ + 45 · 3λ + 120 · 2λ + 210

]
+
[
2λ + 688

]
+
[
5λ1 + 10 · 4λ1 + 45 · 3λ1 + 120 · 2λ1 + 210

]}
,

for all x ∈ G and all u ∈ G
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4.3. G2NS: Fixed point method

Theorem 4.8. Let Dg10 : G −→ H be a mapping for which there
exists a function ζ : G2 −→ [0,∞) with the condition

lim
n→∞

1

℘10n
i

ζ((℘ni x, u), (℘ni y, u)) = 0

where

℘i =

{
2 if i = 0,
1
2 if i = 1

such that the functional inequality

N (Dg10(x, y), u) ≤ ζ((x, u), (y, u))

holds for all x, y ∈ G and for all u ∈ G. Assume that there exists L = L(i)
such that the mapping

D((x, u), (x, u)) = K
((x

2
, u
)
,
(x

2
, u
))

where K((x, u), (x, u)) is defined in (3.27) with the property

1

℘10
i

D((℘ix, u), (℘ix, u)) = L D((x, u), (x, u))

for all x ∈ G and for all u ∈ G. Then, there exists a unique decic mapping
T : G −→ H satisfying the functional equation (1.10) and

N (g(x)− T (x), u) ≤
(
L1−i

1− L

)
D((x, u), (x, u))

for all x ∈ G and for all u ∈ G.

Corollary 4.9. Let Dg10 : G −→ H be a mapping. If there exist
real numbers Θ and ρ such that

‖Dg10(x, y)‖ ≤


Θ,
Θ {||x, u||ρ + ||y, u||ρ} ρ 6= 10;
Θ||x, u||ρ||y, u||ρ ρ 6= 5;
Θ
{
||x, u||ρ||y, u||ρ +

{
||x, u||2ρ + ||y, u||2ρ

}}
ρ 6= 5;
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for all x, y ∈ G and for all u ∈ G, then there exists a unique decic
mapping T : G −→ H such that

‖g(x)− T (x)‖ ≤



Θ1

|210 − 1|
,

Θ2

|210 − 2ρ|
, ρ 6= 10,

Θ3

|210 − 22ρ|
, ρ 6= 5,

Θ4

|210 − 22ρ|
, ρ 6= 5,

where

Θ1 =
1025Θ

3628800
,

Θ2 =
Θ||x||ρ

362880 · 2ρ
[
2 · 5ρ + 20 · 4ρ + 90 · 3ρ + 241 · 2ρ + 1444

]
Θ3 =

Θ||x||2ρ

1814400 · 22ρ

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]
Θ4 =

Θ||x||ρ

2ρ

{
1

3628800

[
2 · 52ρ + 20 · 42ρ + 90 · 32ρ + 241 · 22ρ + 1444

]
+

1

1814400

[
5ρ + 10 · 4ρ + 45 · 3ρ + 120 · 2ρ + 210

]}
for all x ∈ G and for all u ∈ G.

5. Stability results in random normed spaces

In this section, the generalized Ulam-Hyers stability of the decic
functional equation (1.10) in RN-space is provided.

5.1. Definitions and notations

In the sequel, we adopt the usual terminology, notations and conven-
tions of the theory of random normed spaces as in [61, 62].

From now on, ∆+ is the space of distribution functions, that is, the
space of all mappings

F : R ∪ {−∞,∞} −→ [0, 1] ,

such that F is leftcontinuous and nondecreasing on R,F (0) = 0 and
F (+∞) = 1. D+ is a subset of ∆+ consisting of all functions F ∈ ∆+
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for which l−F (+∞) = 1, where l−f(x) denotes the left limit of the
function f at the point x, that is,

l−f(x) = lim
t→x−

f(t).

The space ∆+ is partially ordered by the usual pointwise ordering of
functions, that is, F ≤ G if and only if F (t) ≤ G(t) for all t ∈ R. The
maximal element for ∆+ in this order is the distribution function ε0
given by

(5.1) ε0(t) =

{
0, if t ≤ 0,
1, if t ≥ 0.

Definition 5.1. [61] A mapping T : [0, 1]× [0, 1] −→ [0, 1] is called a
continuous triangular norm (briefly, a continuous t−norm) if T satisfies
the following conditions:

(a) T is commutative and associative;
(b) T is continuous;
(c) T (a, 1) = a for all a ∈ [0, 1];
(d) T (a, b) ≤ T (c, d) whenever a ≤ c and b ≤ d for all a, b, c, d ∈ [0, 1] .

Typical examples of continuous t−norms are TP (a, b) = ab, TM (a, b) =
min(a, b) and TL(a, b) = max(a + b − 1, 0) (the Lukasiewicz t−norm).
Recall (see [29, 30]) that if T is a t−norm and xn is a given sequence of
numbers in [0, 1] , then Tni=1xn+i is defined recurrently by

T 1
i=1xi = x1 and T

n
i=1xi = T

(
Tn−1
i=1 xi, xn

)
for n ≥ 2.

T∞i=nxi is defined as T∞i=1xn+i. It is known [30] that, for the Lukasiewicz
t−norm, the following implication holds:

(5.2) lim
n→∞

(TL)∞i=1xn+i = 1⇐⇒
∞∑
n=1

(1− xn) <∞

Definition 5.2. [62] A random normed space (briefly, RN-space) is
a triple (X,µ, T ), where X is a vector space, T is a continuous t−norm
and µ is a mapping from X into D+ satisfying the following conditions:

(RN1) µx(t) = ε0(t) for all t > 0 if and only if x = 0;
(RN2) µα x(t) = µx(t/|α|) for all x ∈ X, and α ∈ R with α 6= 0;
(RN3) µx+y(t+ s) ≥ T (µx(t), µy(s)) for all x, y ∈ X and t, s ≥ 0.

Example 5.3. Every normed spaces (X, || · ||) defines a random
normed space (X,µ, TM ), where

µx(t) =
t

t+ ||x||
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and TM is the minimum t−norm. This space is called the induced ran-
dom normed space.

Definition 5.4. Let (X,µ, T ) be a RN-space.

(1) A sequence {xn} in X is said to be convergent to a point x ∈ X
if, for any ε > 0 and λ > 0, there exists a positive integer N such
that µxn−x(ε) > 1− λ for all n ≥ N .

(2) A sequence {xn} in X is called a Cauchy sequence if, for any
ε > 0 and λ > 0, there exists a positive integer N such that
µxn−xm(ε) > 1− λ for all n ≥ m ≥ N .

(3) A RN-space (X,µ, T ) is said to be complete if every Cauchy se-
quence in X is convergent to a point in X.

Theorem 5.5. [62] If (X,µ, T ) is a RN-space and {xn} is a sequence
in X such that xn → x, then lim

n→∞
µxn(t) = µx(t) almost everywhere.

Hereafter through out this section, let us consider X be a linear space
and (Y, µ, T ) is a complete RN-space.

5.2. RN Space: Direct method

Theorem 5.6. Let j = ±1. Let Dg10 : X −→ Y be a mapping for
which there exist a function η : X2 −→ D+ with the condition

(5.3) T∞i=0

(
µη(2ijx,2ijx)

(
210ij s

))
= 1 = lim

n→∞
µη(2njx,2njy)

(
210nj s

)
such that the functional inequality such that

(5.4) µDg10(x,y)(s) ≥ ηx,y(s)

for all x, y ∈ X and all s > 0. Then, there exists a unique decic mapping
T : X −→ Y satisfying the functional equation (1.10) and

(5.5) µT (x)−g(x)

(
1025 s

3628800

)
≥ T∞i=0

(
E2ijx,2ijx

(
210(i+1)j s

))
where Ex,x(s) and T (x) are defined by
(5.6)

Ex,x(s) = T 6
(
η0,2x(s), η5x,x(s), η4x,x(s), η3x,x(s), η2x,x(s), ηx,x(s), η0,x(s)

)
and

(5.7) µT (x)(s) = lim
n→∞

µ g(2njx)
210nj

(s)

for all x ∈ X and all s > 0.
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Proof. We bring the proof for j = 1. For the case of j = −1 is similar.
Replacing (x, y) by (0, 2x) in (5.4), we get

(5.8) µ2g(10x)−20g(8x)+90g(6x)−240g(4x)−3628380g(2x)(s) ≥ η0,2x(s)

for all x ∈ X and all s > 0. Using (RN2) in (5.8), we obtain

(5.9) µg(10x)−10g(8x)+45g(6x)−120g(4x)−1814190g(2x)

(s
2

)
≥ η0,2x(s)

for all x ∈ X and all s > 0. Again setting (x, y) by (5x, x) in (5.4), we
have

µg(10x)−10g(9x)+45g(8x)−120g(7x)+210g(6x)−252g(5x)(s)

+210g(4x)−120g(3x)+45g(2x)−3628810g(x) ≥ η5x,x(s)(5.10)

for all x ∈ X and all s > 0. Combining (5.9) and (5.10), we arrive at

µ10g(9x)−55g(8x)+120g(7x)−165g(6x)+252g(5x)−330g(4x)+120g(3x)

−1814235g(2x)+3628810g(x)

(
3

2
s

)
= µg(10x)−10g(8x)+45g(6x)−120g(4x)−1814190g(2x)−g(10x)+10g(9x)−45g(8x)+120g(7x)

−210g(6x)+252g(5x)−210g(4x)+120g(3x)−45g(2x)+3628810g(x)

(
3

2
s

)
≥ T

(
µg(10x)−10g(8x)+45g(6x)−120g(4x)−1814190g(2x)

(s
2

)
,

µg(10x)−10g(9x)+45g(8x)−120g(7x)+210g(6x)−252g(5x)+210g(4x)−120g(3x)g

+45g(2x)−3628810g(x)(s)
)

≥ T
(
η0,2x(s), η5x,x(s)

)

(5.11)

for all x ∈ X and all s > 0. Substituting (x, y) by (4x, x) in (5.4) and
using evenness of g, we get

µg(9x)−10g(8x)+45g(7x)−120g(6x)+210g(5x)−252g(4x)+210g(3x)

−120g(2x)−3628754g(x)(s) ≥ η4x,x(s)(5.12)

for all x ∈ X and all s > 0. Using (RN2) in (5.12), one obtains

µ10g(9x)−100g(8x)+450g(7x)−1200g(6x)+2100g(5x)−2520g(4x)

+2100g(3x)−1200g(2x)−36287540g(x)(10s) ≥ η4x,x(s)(5.13)
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for all x ∈ X and all s > 0. Combining (5.12) and (5.12), we find

µ45g(8x)−330g(7x)+1035g(6x)−1848g(5x)+2190g(4x)−1980g(3x)

−1813035g(2x)+39916350g(x)

(
23

2
s

)
≥ T 2

(
η0,2x(s), η5x,x(s), η4x,x(s)

)
(5.14)

for all x ∈ X and all s > 0. Letting (x, y) by (3x, x) in (5.4) and using
evenness of g, we have

µg(8x)−10g(7x)+45g(6x)−120g(5x)+210g(4x)−252g(3x)

+211g(2x)−3628930g(x)(s) ≥ η3x,x(s)(5.15)

for all x ∈ X and all s > 0. Using (RN2) in (5.15), we get

µ45g(8x)−450g(7x)+2025g(6x)−5400g(5x)+9450g(4x)−11340g(3x)

+9495g(2x)−163301850g(x)(45s) ≥ η3x,x(s)(5.16)

for all x ∈ X and all s > 0. Plugging (5.15) into (5.16), we arrive at

µ120(7x)−990g(6x)+3552g(5x)−7260(4x)+9360g(3x)

−1822530g(2x)+203218200g(x)

(
113

2
s

)
≥ T 3

(
η0,2x(s), η5x,x(s), η4x,x(s), η3x,x(s)

)
(5.17)

for all x ∈ X and all s > 0. Switching (x, y) into (2x, x) in (5.7) and
using evenness of g, we obtain

µg(7x)−10g(6x)+45g(5x)−120g(4x)+211g(3x)−262g(2x)−3628545g(x)(s) ≥ η2x,x(s))
(5.18)

for all x ∈ X and all s > 0. Using (RN2) in (5.18), one can show that

µ120g(7x)−1200g(6x)+5400g(5x)−14400g(4x)+25320g(3x)

−31440g(2x)−435425400g(x)(120s) ≥ η2x,x(s)(5.19)

for all x ∈ X and all s > 0. Combining (5.17) and (5.19), we reach

µ210g(6x)−1848g(5x)+7140g(4x)−15960g(3x)−1791090g(2x)

+638643600g(x)

(
353

2
s

)
≥ T 4

(
η0,2x(s), η5x,x(s), η4x,x(s), η3x,x(s), η2x,x(s)

)
(5.20)
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for all x ∈ X and all s > 0. Interchanging (x, y) into (x, x) in (5.7) and
using evenness of g, we get

µg(6x)−10g(5x)+46g(4x)−130g(3x)+255g(2x)−3629172g(x)(s) ≥ ηx,x(s)(5.21)

for all x ∈ X and all s > 0. It follows from (5.21) that

µ210g(6x)−2100g(5x)+9660g(4x)−27300g(3x)

+53550g(2x)−762126120g(x)(120s) ≥ ηx,x(s)(5.22)

for all x ∈ X and all s > 0. Plugging (5.20) into (5.22), we have

µ126g(5x)−1260g(4x)+5670g(3x)−922320g(2x)+700384860g(x)

(
773

2
s

)
≥ T 5

(
η0,2x(s), η5x,x(s), η4x,x(s), η3x,x(s), η2x,x(s), ηx,x(s)

)
(5.23)

for all x ∈ X and all s > 0. Replacing (x, y) by (0, x) in (5.7), we obtain

µ2g(5x)−20g(4x)+90g(3x)−240g(2x)−3628380g(x)(s) ≥ η0,x(s)(5.24)

for all x ∈ X and all s > 0. Using (RN2) in (5.24) that

µ126g(5x)−1260g(4x)+5670g(3x)−15120g(2x)−228587940g(x)(126s) ≥ η0,x(s)
(5.25)

for all x ∈ X and all s > 0. Combining (5.23) and (5.25), we find

µ−1814400g(2x)+1857945600g(x)

(
1025

2
s

)

≥ T 6
(
η0,2x(s), η5x,x(s), η4x,x(s), η3x,x(s), η2x,x(s), ηx,x(s), η0,x(s)

)(5.26)

for all x ∈ X and all s > 0. It follows from (5.26) that

µg(2x)−1024g(x)

(
1

1814400

[
1025

2
s

])
≥ Ex,x(s)(5.27)

for all x ∈ X and all s > 0, where

Ex,x(s) = T 6
(
η0,2x(s), η5x,x(s), η4x,x(s), η3x,x(s), η2x,x(s), ηx,x(s), η0,x(s)

)
for all x ∈ X and all s > 0. The above equation can be rewritten as

µg(2x)−210g(x)

(
1025s

1814400 · 2

)
≥ Ex,x(s)(5.28)

for all x ∈ X and all s > 0. It follows from (5.28) and (RN2), we have

(5.29) µ g(2x)
210
−g(x)

(
1025s

3628800 · 210

)
≥ Ex,x(s)
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for all x ∈ X and all s > 0. Replacing x by 2nx in (5.29), we arrive

(5.30) µ g(2n+1x)

210
−g(2nx)

(
1025s

3628800 · 210

)
≥ E2nx,2nx(s)

for all x ∈ X and all s > 0. Changing s by 210s in (5.30), we reach

(5.31) µ g(2n+1x)

210
−g(2nx)

(
210 × 1025s

3628800

)
≥ E2nx,2nx(210s)

for all x ∈ X and all s > 0. Using (RN2) in the above equation, we
achieve

(5.32) µ g(2n+1x)

210(n+1)
− g(2

nx)

210n

(
1025s

3628800

)
≥ E2nx,2nx(210(n+1)s)

for all x ∈ X and all s > 0. It is easy to see that

(5.33)
g(2nx)

210n
− g(x) =

n−1∑
i=0

g(2i+1x)

210(i+1)
− g(2ix)

210i

for all x ∈ X. From equations (5.32) and (5.33), we get

µ g(2nx)
210n

−g(x)

(
1025 s

3628800

)
= µ∑n−1

i=0
g(2i+1x)

210(i+1)
− g(2

ix)

210i

(
1025s

3628800

)
≥ Tn−1

i=0 µ g(2i+1x)

210(i+1)
− g(2

ix)

210i

(
1025s

3628800

)
≥ Tn−1

i=0 E2ix,2ix(210(i+1)s)(5.34)

for all x ∈ X and all s > 0. Here, we show that the sequence
{
g(2nx)
210n

}
is convergent. We replace x by 2mx in (5.34) and apply (RN2). Then

µ g(2n+mx)
210(n+m)

− g(2
mx)

210m

(
1025s

3628800

)
≥ Tn−1

i=0 E2m+ix,2m+ix(210(i+m+1)s)

= Tm+n−1
i=m E2mx,2mx(210(i+1)s)(5.35)

→ 1 as m → ∞

for all x ∈ X and all s > 0. Thus,

{
g(2nx)

210n

}
is a Cauchy sequence.

Since Y is complete, there exists a mapping T : X → Y , we define

µT (x)(s) = lim
n→∞

µ g(2nx)
210n

(s)

for all x ∈ X and all s > 0. Letting m = 0 and n → ∞ in (5.35), we
arrive (5.5) for all x ∈ X and all s > 0. Now, we have to show that T
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satisfies (1.10). Replacing (x, y) by (2nx, 2ny), we have

µ 1
2n
Dg10(2nx,2ny)(s) ≥ η2nx,2ny(2

n s)(5.36)

for all x ∈ X and all s > 0. Taking n → ∞ both sides, we find that T
satisfies (1.10) for all x, y ∈ X. Therefore the mapping T : X → Y is
decic. Lastly, to prove the uniqueness of the decic mapping T subject
to (5.7), let us assume that exists an decic mapping T ′ which satisfies
(5.5) and (5.7). Since T (2nx) = 210nT (x) and T ′(2nx) = 210nT ′(x) for
all x ∈ X and all n ∈ N, it follows from (5.7) that

µT (x)−T ′(x)(2s) = µT (2nx)−T ′(2nx)(2
10n+1s)

= µT (2nx)−g(2nx)+g(2nx)−T ′(2nx)(2
10n+1s)

≥ T
(
µT (2nx)−g(2nx)(2

10ns), µg(2nx)−T ′(2nx)(2
10ns)

)
≥ T

(
T∞i=0

(
E2i+nx,2i+nx

)
(210(i+n+1)s), T∞i=0

(
E2i+nx,2i+nx

)
(210(i+n+1)s)

)
→ 1 as n → ∞

for all x ∈ X and all s > 0. Hence, T is unique.

The following Corollary is an immediate consequence of Theorem 5.6
concerning the stability of (1.10).

Corollary 5.7. Let p and q be nonnegative real numbers. Let a
mapping g : X −→ Y satisfies the inequality

µDg10(x,y)(s) ≥


ηp(s)
ηp(||x||q+||y||q)(s) ; q 6= 10;
ηp(||x||q ||y||q)(s) ; q 6= 5;
ηp(||x||q ||y||q+[||x||2q+||y||2q)(s) ; q 6= 5;

for all x, y ∈ X and all s > 0. Then there exists a unique decic mapping
T : X −→ Y satisfying the functional equation (1.10) and

µT (x)−g(x)(s) ≥


ηp1(|210 − 1|s)
ηp2(|210 − 2q|s), q 6= 10,
ηp3(|210 − 22q|s), q 6= 5,
ηp4(|210 − 22q|s), q 6= 5,

where

p1 =
1025 p

3628800
,



322 M. Arunkumar, A. Bodaghi, J. M. Rassias, and E. Sathya

p2 =
p
[
2 · 5q + 20 · 4q + 90 · 3q + 241 · 2q + 1444

]
3628800

,

p3 =
p
[
5q + 10 · 4q + 45 · 3q + 120 · 2q + 210

]
1814400

,

p4 =
p

3628800

[
2 · 52q + 20 · 42q + 90 · 32q + 241 · 22q + 1444

]
+

p

1814400

[
5q + 10 · 4q + 45 · 3q + 120 · 2q + 210

]
,

for all x ∈ X and all s > 0 .

5.3. RNspace : Fixed point method

Theorem 5.8. Let g : X → Y be a mapping for which there exists a
function η : X2 −→ D+ with the condition

(5.37) lim
n→∞

µη(νni x,ν
n
i y) (νni s) = 1

where

(5.38) νi =

{
2 if i = 0,
1
2 if i = 1

such that the functional inequality

(5.39) µDg10(x,y)(s) ≥ ηx,y(s)

holds for all x, y ∈ X and all s > 0. If there exists L = L(i) such that
the mapping

Fx,x(s) = Ex
2
,x
2
(s),

has the property

(5.40) Fx,x(L νi s) = F x
νi
, x
νi

(s)

for all x ∈ X and all s > 0, then there exists a unique decic mapping
T : X −→ Y satisfying the functional equation (1.10) and

(5.41) µT (x)−g(x)

(
L1−i

1− L
s

)
≥ Fx,x(s)

holds for all x ∈ X and all s > 0.

Proof. Consider the set S = {g| g : X −→ Y, g(0) = 0} and introduce
the generalized metric d : S × S −→ [0,∞] as follows:

d(g, h) = inf{K ∈ (0,∞) : µg(x)−h(x)(Ks) ≥ Fx,x(s), x ∈ X, s > 0}.
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It is easy to see that (S, d) is complete with respect to the above metric.
Now, define J : S → S by Jg(x) = 1

νi
g(νix), for all x ∈ X. for any

g, h ∈ S, we have

µg(x)−h(x)(Ks) ≥ Fx,x(s), (x ∈ X, s > 0).

Indeed,

µ 1
νi
g(νix)− 1

νi
h(νix)(K νi s) ≥ Fνix,νix(s), (x ∈ X, s > 0).

The last inequality show that

µ 1
νi
g(νix)− 1

νi
h(νix)(K Lνi s) ≥ Fx,x(s), (x ∈ X, s > 0).

Therefore, µJg(x)−Jh(x)(K Lνi s) ≥ Fx,x(s) for all x ∈ X and s > 0.
This implies d(Jg, Jh) ≤ Lνid(g, h), for all g, h ∈ S. In other words, J
is a strictly contractive mapping on S with Lipschitz constant L = νi.
The rest of the proof is similar to that of Theorem 3.5.

From Theorem 5.8, we obtain the following corollary concerning the
generalized Ulam-Hyers stability for the functional equation (1.10).

Corollary 5.9. Let p and q be nonnegative real numbers. Suppose
that the mapping g : X −→ Y satisfies the inequality

µDg10(x,y)(s) ≥


ηp(s)
ηp(||x||q+||y||q)(s), q 6= 10;
ηp(||x||q ||y||q)(s), q 6= 5;
ηp(||x||q ||y||q+[||x||2q+||y||2q)(s), q 6= 5;

for all x, y ∈ X and all s > 0. Then, there exists a unique decic mapping
T : X −→ Y satisfying the functional equation (1.10) and

µT (x)−g(x)(s) ≥


ηp1(|210 − 1|s)
ηp2(|210 − 2q|s), q 6= 10,
ηp3(|210 − 22q|s), q 6= 5,
ηp4(|210 − 22q|s), , q 6= 5,

where
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p1 =
1025 p

3628800
,

p2 =
p
[
2 · 5q + 20 · 4q + 90 · 3q + 241 · 2q + 1444

]
3628800

,

p3 =
p
[
5q + 10 · 4q + 45 · 3q + 120 · 2q + 210

]
1814400

,

p4 =
p

3628800

[
2 · 52q + 20 · 42q + 90 · 32q + 241 · 22q + 1444

]
+

p

1814400

[
5q + 10 · 4q + 45 · 3q + 120 · 2q + 210

]
,

for all x ∈ X and all s > 0 .
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